Abstract. We consider sequential random packing of cubes z + [0, 1] n with z ∈ 1 N Z n into the cube [0, 2] n and the torus R n / 2Z n as N → ∞. In the cube case [0, 2] n as N → ∞ the random cube packings thus obtained are reduced to a single cube with probability 1 − O 1 N . In the torus case the situation is different: for n ≤ 2, sequential random cube packing yields cube tilings, but for n ≥ 3 with strictly positive probability, one obtains non-extensible cube packings.
Z n and N ∈ Z >0 is called a discrete cube packing if any two cubes are nonoverlapping. We consider packing of cubes z + [0, 1] n with z ∈ 1 N Z n into the cube [0, 2] n and the torus R n / 2Z n . In those two cases, two cubes z+[0, 1] n and z +[0, 1] n are non-overlapping if and only if there exist an index i ∈ {1, . . . , n} such that z i ≡ z i + 1 (mod 2). A discrete cube packing is a tiling if the number of cubes is 2 n and it is non-extensible if it is maximal by inclusion with less than 2 n cubes. A sequential random cube packing consists of putting a cube z+ [0, 1] n with z ∈ U k (n) (N − 1) k with U ∈ {C, T } and U k (n) ∈ Q In the cube case we prove that C k (n) are polynomials of degree k, which we compute for k ≤ 6 (see Theorem 3.3). In particular, C 0 = 1, since as N → ∞ with probability
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− O(
1 N ), one cannot add any more cube after the first one. In the torus case the coefficients T k (n) are no longer polynomials in the dimension n. The first coefficient T 0 (n) = lim N →∞ E(M T N (n)) is known only for n ≤ 4 (see Table 1 ). But we prove in Theorem 4.4 that if n ≥ 3 then T 0 (n) < 2 n . This upper bound is related to the existence in dimension n ≥ 3 of non-extensible torus cube packings (see Figure 2 , Table 1 , Theorem 4.4 and Section 5).
Those results are derived using the notion of combinatorial cube packings which is introduced in Section 2. A combinatorial cube packing does not depend on N but instead on some parameters t i ; to a cube or torus discrete cube packing CP, one can associate a combinatorial cube packing CP = φ(CP). Given a combinatorial cube packing CP the probability p(CP, N ) of obtaining a discrete cube packing CP with φ(CP ) = CP is a fractional function of N . We say that CP is obtained with strictly positive probability if the limit lim N →∞ p(CP, N ) is strictly positive.
In Section 3 the method of combinatorial cube packings is applied to the cube case and the polynomials C k are computed for k ≤ 6. In the torus case, the situation is more complicated and we restrict ourselves to the case of strictly positive probability, i.e. the limit case N → ∞. In Section 4 we consider a Cartesian product construction for continuous cube packings obtained with strictly positive probability. The related lamination construction is used to derive an upper bound on E(M T ∞ (n)) in Theorem 4.4.
In Section 5, we consider properties of non-extensible combinatorial torus cube packings. Firstly, we prove in Theorem 5.1 that combinatorial cube packings with at least 2 n − 3 cubes are extensible to tilings. In Propositions 5.3 and 5.5, we prove that non-extensible combinatorial torus cube packings obtained with strictly positive probability have at least n(n+1) 2 parameters and that this number is attained by a combinatorial cube packing with n + 1 cubes if n is odd. We conjecture that the number of parameters is at most 2 n − 1 (see Conjecture 5.4). In Proposition 5.7 we prove that in dimension 6 the minimal number of cubes in non-extensible combinatorial cube packings is 8 and that none of those cube packings is attained with strictly positive probability. In Proposition 5.8 we show that in dimension 3, 5, 7 and 9, there exist combinatorial cube tilings obtained with strictly positive probability and n(n+1) 2 parameters. We now explain the origin of the model considered here. Palásti [Pa60] considered maximal packings obtained from random packings of cubes [0, 1] n into [0, x] n . She conjectured that the expectation E(M x (n)) of the packing density M x (n) satisfies the limit (2) lim
with β n = β n 1 . The value of β 1 is known since the work of Rényi [Re58] and in Penrose [Pe01] the limit (2) is proved to exist. Note that based on simulations it is expected that β n > β n 1 and an experimental formula from simulations β
is known [BlSo82] . The Itoh Ueda model [ItUe83] is a variant of the above: one considers packing of cubes z + [0, 2] n with z ∈ Z n into [0, 4] n . It is proved in [DIP05, Po05, Po03] that the average number of cubes satisfies the inequality
) n and some computer estimate of the average density 1 2 n E(M C 2 (n)) were obtained in [ItSo86] . In [DIP06] , we considered the torus case, similar questions to the one of this paper and a measure of regularity called second moment, which has no equivalent here.
Combinatorial cube packings
n . For a given coordinate 1 ≤ j ≤ n we set φ(z 
the associated torus combinatorial cube packing.
In the remainder of this paper we do not use the above parameters but instead renumber them into t 1 , . . . , t N . Without loss of generality, we will always assume that different coordinates have different parameters. Of course we can define combinatorial cube packing without using to discrete cube packings. In the cube case, the relevant cubes are of the form z + [0, 1] n with z i = 0, 1 or some parameter t. In the torus case, the relevant cubes are of the form z + [0, 1] n with z i = t or t + 1 and t a parameter. . A combinatorial cube packing is then a family of such cubes with any two of them being non-overlapping. Notions of tilings and extensibility are defined as well. Moreover, a discrete cube packing is extensible if and only if its associated combinatorial cube packing is extensible. Denote by m(CP) the number of cubes of a combinatorial cube packing CP and by N (CP) its number of parameters. Denote by Comb C (n), Comb T (n), the set of combinatorial cube packings of [0, 2] n , respectively R n / 2Z n . Given two combinatorial cube packings CP and CP (either on cube or torus), we say that CP is a subtype of CP if after assigning the parameter of CP to 0, 1, or some parameter of CP , we get CP . So, necessarily m(CP ) = m(CP) and N (CP ) ≤ N (CP) but the reverse implication is not true in general. A combinatorial cube packing is said to be maximal if it is not the subtype of any other combinatorial cube packing. Necessarily, a combinatorial cube packing CP is a subtype of at least one maximal combinatorial cube packing CP .
Given a combinatorial cube packing CP the number of discrete cube packings CP such that φ(CP ) = CP is denoted by N b(CP, N ). In the cube case we have N b(CP, N ) = (N − 1) N (CP) . The torus case is more complex but it is still possible to write explicit formulas: denote by N j (CP) the number of parameters which occurs in the j-th coordinate of CP. We then get: 
In the cube case we have for N ≥ 2 the equality f C N (n) = 1. Two combinatorial cube packings CP and CP are said to be equivalent if after a renumbering of the coordinates, parameters and cubes of CP one gets CP . The automorphism group of a combinatorial cube packing is the group of equivalences of CP preserving it. Testing equivalences and computing stabilizers can be done using the program nauty [MKa05] , which is a graph theory program for testing whether two graphs are isomorphic or not and computing the automorphism group. The method is to associate to a given combinatorial cube packing CP a graph Gr(CP), which characterize isomorphism and automorphisms. The method used to find such a graph Gr(CP) are explained in the user manual of nauty and the corresponding programs are available from [Du07] .
We now explain the sequential random cube packing. Given a discrete cube packing . The sequential random cube packing process is thus a process that add cubes until the discrete cube packing is non-extensible or is a tiling.
Fix a combinatorial cube packing CP, N ≥ 2 n and a discrete cube packing CP such that φ(CP ) = CP. To any cube w + [0, 1] n ∈ P oss(CP ) we associate the combinatorial cube packing CP w = φ(CP ∪ {w + [0, 1] n }). The set P oss(CP ) is partitioned into classes Cl 1 , . . . , Cl r with two cubes w + [0, 1] n and w + [0, 1] n in the same class if CP w = CP w . The combinatorial cube packing associated to Cl i is denoted by CP i . The set {CP 1 , . . . , CP r } of classes depends only on CP. If we had chosen some N ≤ 2 n , then some of the preceding CP i might not have occurred. So, we have
N b(CP, N ) and we can define the probability p(CP, CP i , N ) of obtaining a discrete cube packing of combinatorial type CP i from a discrete cube packing of combinatorial type CP:
.
Given a combinatorial cube packing CP with m cubes a path p = {CP 0 , CP 1 , . . . , CP m } is a way of obtaining CP by adding one cube at a time starting from CP 0 = ∅ and (t 1 , t 2 ) (t 1 + 1, t 3 ) (t 1 , t 2 + 1) (t 1 + 1, t 3 + 1)
A combinatorial cube tiling obtained with probability 1 2 .
(t 1 , t 2 + 1) (t 1 + 1, t 2 + 1) (t 1 , t 2 ) (t 1 + 1, t 2 )
A combinatorial cube tiling obtained with probability 0. Figure 1 . Two 2-dimensional torus combinatorial cube tilings ending at CP m = CP. The probability to obtain CP along a path p is
The probability p(CP, N ) to obtain CP is the sum over all the paths p leading to CP of p(CP, p, N ). The probabilities p(CP, p, N ) and p(CP, N ) are fractional functions of N , which implies that the limit value p(CP, ∞), p(CP, p, ∞) and p(CP, CP , ∞) are well defined.
As N goes to ∞ we have the asymptotic behavior . This implies that each CP i is maximal, i.e. is not the subtype of another type. As a consequence, we can define a sequential random cube packing process for combinatorial cube packing CP obtained with strictly positive probability and compute their probability p(CP, ∞).
A combinatorial cube packing CP is said to have order 
Denote by f T >0,∞ (n) the minimal number of cubes of non-extensible combinatorial torus cube packings obtained with strictly positive probability. In dimension 2 (see Figure 1) , there are three combinatorial cube tilings. One of them is attained with probability 0; it is a subtype of the remaining two which are equivalent and attained with probability . By applying the random cube packing process and doing reduction by isomorphism, one obtains the 3-dimensional combinatorial cube packings obtained with strictly positive probability (see Figure 2 ). The non-extensible cube packing shown on this figure already occurs in [La00, DIP06] . In dimension 4, the same enumeration method works (see Table 1 ) but dimension 5 is computationally too difficult to enumerate.
Discrete Random cube packings of the cube
We compute here the polynomials C k (n) occurring in Equation (1) for k ≤ 6. We compute the first three polynomials by an elementary method. (i) The minimal number of cubes in the packing is |I| + 1.
(ii) The expected number of cubes in the packing is
Proof. Let us prove (i). If |I| = 0, then clearly one cannot insert any more cubes. We will assume |I| > 1 and do a reasoning by induction on |I|. If one puts another cube z 2 + [0, 1] n , there should exist an index i ∈ I such that |z 
The random variable M Theorem 3.2. For any n ≥ 1, we have
Proof. If one chooses a vector z in {0, . . . , N } n the probability that |{i :
So one gets
Inserting this expression into E(M C N (n)) and Formula (4) one gets the result. So, we get C 0 (n) = 1, C 1 (n) = 2n and C 2 (n) = 4n(n − 2). In order to compute C k (n) in general we use methods similar to the ones of Section 2. Given a cube z + [0, 1] n with z i ∈ {0, 1 N , . . . , 1} we define a face of the cube [0, 1] n in the following way: if z i = 0 or 1 then we set ψ(z i ) = 0 or 1 whereas if 0 < z i < 1 we set ψ(z i ) = t i with t i a parameter. When the parameters t i of the vector (ψ(z 1 ), . . . , ψ(z n )) vary in ]0, 1[ this vector describes a face of the cube [0, 1] n , which we denote by ψ(z). This construction was presented for the first time in [Po03, Po05] .
If F and F are two faces of [0, 1] n , then we say that F is a sub-face of F and write
n is a set of faces, which contains all its sub-faces. If CP is a cube packing in [0, 2] n , then the vectors z such that z
n is a cube which we can add to it are indexed by the faces of a subcomplex [0, 1] n with the dimension giving the exponent of (N − 1) k . The dimension of a complex is the highest dimension of its faces. Given a discrete cube packing CP, we have seen in Section 2 that the size of P oss(CP) depends only on the combinatorial type φ(CP). In the cube case which we consider in this section P oss(CP) itself depends only on the combinatorial type.
Theorem 3.3. There exist polynomials C k (n) of n with deg C k = k such that for any n and N > 1 one has:
The polynomials C k (n) are given in Table 2 .
Proof. The image ψ(P oss(CP)) is an union of faces of [0, 1] n , i.e. a subcomplex of the complex [0, 1] n . Denote by dim(F ) the dimension of a face F of the cube [0, 1] n . Denote by P oss(F ) the set of vectors z ∈ {0,
n with ψ(z) = F . we have the formula:
The cubes, whose corresponding face in [0, 1] n have dimension dim(ψ(P oss(CP))) have the highest probability of being obtained. If one seeks the expansion of E(M C N (n)) up to order k and if CP is of order ord(CP) then we need to compute the faces of ψ(P oss(CP)) of dimension at least dim(ψ(P oss(CP))) − (k − ord(CP)). The probabilities are then obtained in the following way:
The enumeration algorithm is then the following:
Output: List L of all inequivalent combinatorial types of non-extensible cube packings CP with order at most k and their probabilities p(CP, N ) with an error of O 1 (N +1) k+1 . T ← {∅}. L ← ∅ while there is a CP ∈ T do T ← T \ {CP} ψ(P oss(CP)) ← the complex of all possibilities of adding a cube to CP F ← the faces of ψ(P oss(CP)) of dimension at least dim(ψ(P oss(CP)))
Let us prove that the coefficients C k (n) are polynomials in the dimension n. If C is the cube [0, 1] n then the number of faces of codimension l is 2 l n l , i.e. a polynomial in n of degree l. Suppose that a cube packing CP = (z i + [0, 1] n ) 1≤i≤m has 0 < z i j < 1 for n ≤ j ≤ n. Then all faces F of ψ(P oss(CP)) of maximal dimension d = dim(ψ(P oss(CP))) have 0 < z j < 1 for n ≤ j ≤ n and z ∈ F . When one chooses a subface of F of dimension d − l, we have to choose some coordinates j to be equal to 0 or 1. Denote by l the number of such coordinates j with n ≤ j ≤ n. There are 2 l n+1−n l choices and they are all equivalent. There are still l − l choices to be made for j ≤ n − 1 but this number is finite so in all cases the faces of ψ(P oss(CP)) of dimension at least d − l can be grouped in a finite number of classes with the size of the classes depending on n polynomially. Moreover, the number of classes of dimension d is finite so the term of higher order in the denominator of Equation (5) is constant and the coefficients of the expansion of p(F, N ) are polynomial in n. (i) Every parameter t of CP occurs, which occurs as t also occurs as t + 1.
(ii) Let C 1 , . . . , C k be cubes of CP and C a cube which does not overlap with CP = CP − {C 1 , . . . , C k }. The number of parameters of C, which does not occur in CP is at most k − 1.
Proof. (i) Suppose that a parameter t of CP occurs as t but not as t + 1 in the coordinates of the cubes. Let C = z + [0, 1] n be a cube having t in its j-th coordinate.
n is a cube of CP, then there exist a coordinate j such that z j ≡ z j +1 (mod 2). Necessarily j = j since t + 1 does not occur, so C + e j does not overlap with C as well and obviously C + e j does not overlap with C.
(ii) Let C = z + [0, 1] n be a cube which does not overlap with the cubes of CP . Suppose that z has k coordinates i 1 < · · · < i k such that their parameters t 1 , . . . , t k do not occur in CP . If C j = z j + [0, 1] n , then we fix z i j ≡ z j i j + 1 (mod 2) for 1 ≤ j ≤ k so that C does not overlap with CP. This contradicts the fact that CP is extensible so z has at most k − 1 parameters, which do not occur in CP .
Take two combinatorial torus cube packings
with 1 ≤ i ≤ m m independent copies of CP ; that is every parameter t k of z j is replaced by a parameter t i,k in z i,j .
One defines the combinatorial torus cube packing CP CP by
Denote by CP 1 the 1-dimensional combinatorial packing formed by (t + [0, 1], t + 1 + [0, 1]). The combinatorial cube packings CP 1 CP 1 and CP 1 (CP 1 CP 1 ) are the ones on the left of Figure 1 and 2, respectively. Note that in general CP CP is not isomorphic to CP CP.
Theorem 4.2. Let CP and CP be two combinatorial torus cube packings of dimension n and n , respectively. (iii) If CP and CP are obtained with strictly positive probability and CP is nonextensible then CP CP is attained with strictly positive probability. n+n and CP CP is non-extensible, establishing (ii). A priori there is no simple relation between p(CP CP , ∞) and p(CP, ∞), p(CP , ∞). But we will prove that if p(CP, ∞) > 0, p(CP , ∞) > 0 and CP is not extensible then p(CP CP , ∞) > 0. That is, to prove (iii) we have to provide one path, among possible many, in the random sequential cube packing process to obtain CP CP with strictly positive probability from some corresponding paths of CP and CP . We first prove that we can obtain the cubes ((z i , z i,1 ) + [0, 1] n+n ) 1≤i≤m with strictly positive probability in this order. Suppose that we add a cube z + [0, 1] n+n after the cubes (z i , z i ,1 ) + [0, 1] n+n with i < i. If we choose a coordinate k ∈ {n + 1, . . . , n + n } such that z k = (z i , z i ,1 ) k + 1 for some i < i then we still have to choose a coordinate for all other cubes. This is because all parameters in (z i,1 ) 1≤i≤m are distinct. So, we do not gain anything in terms of dimension by choosing k ∈ {n + 1, . . . , n + n } and the choice (z i , z i,1 ) has the same or higher dimension. So, we can get the cubes ((z i , z 
We conclude that we cannot do better in terms of dimension than adding the cubes ((z i , z i,m 0 +1 ) + [0, 1] n+n ) 1≤i≤m , which we do. So we have a path p with p(CP CP , p, ∞) > 0 which proves that CP CP is obtained with strictly positive probability.
(iv) follows immediately from (iii) and (ii). There exist cube packings CP, CP obtained with strictly positive probability such that p(CP CP , ∞) > 0, which shows that the hypothesis CP non-extensible is necessary in (iii).
The third 3-dimensional cube packings of Figure 2 , named rod packing has the cubes (h i + [0, 1] 3 ) 1≤i≤8 with the following h i :
hTaking 8 (n − 3)-dimensional combinatorial torus cube-tilings (w i,j ) 1≤j≤2 n−3 with 1 ≤ i ≤ 8, one defines a n-dimensional rod tiling combinatorial cube packing
Theorem 4.3. The probability of obtaining a rod tiling is
where q n is the probability of obtaining a n-dimensional cube-tiling and p
15
1 is a rational function of n.
Proof. Up to equivalence, one can assume that in the random-cube packing process, one puts
. . ) and z 2 = (h 2 , w 2,1 ) = (t 1 + 1, t 4 , t 5 , . . . ).
Then there are n(n − 1) possible choices for the next cube, 2(n − 1) of them are respecting the lamination. So, there are (n − 2)(n − 1) choices which do not respect the lamination and their probability is p . Without loss of generality, we can assume that one has z 3 = (h 3 , w 3,1 ) = (t 6 , t 2 + 1, t 5 + 1, . . . ).
In the next 5 stages we add cubes with n−3 new parameters each. We have more than one type to consider under equivalence and we need to determine the total number of possibilities in order to compute the probabilities. For the cube z 4 +[0, 1] n we should have three integers i 1 , i 2 , i 3 such that z
Necessarily, the i j are all distinct, which gives n(n − 1)(n − 2) possibilities. There are exactly 6 possibilities with i j ≤ 3. One of them corresponds to the nonextensible cube packing of Figure 2 on the first 3 coordinates which the 5 others have a non-zero probability of being extended to the rod tiling. When computing later probabilities, we used the automorphism group of the existing configuration and gather the possibilities of extension into orbits. At the fourth stage, the 5 possibilities split into two orbits:
(1) O . Then we add cubes in dimension n−4 following in fact the construction of Theorem 4.2. The parameters t 3 , t 4 and t 6 appear only two times in the cube packing for the rods, which contain 6 cubes in total. So, when one adds cubes we have 8(n−3) choices respecting the cube packing, i.e. of the form z 9 = (h i , w i,2 ) with w i,2 j ≡ w i,1 j (mod 2) for some 1 ≤ j ≤ n − 3. We also have 3(n − 3)(n − 4) choices not respecting the rod tiling structure, i.e. of the form z 9 = (k i , w) with k i being one of h i for 1 ≤ i ≤ 3 with t 3 , t 4 or t 6 replaced by another parameter. But after adding a cube (h i , w i,2 ) + [0, 1] n with h i containing t 3 , t 4 or t 6 this phenomenon cannot occur. Below a type T h r of probability p h r is a packing formed by the 8 vectors (h i , w i,1 ) 1≤i≤8 and h − 8 vectors of the form (h i , w i,2 ) amongst which r of the parameters t 3 , t 4 or t 6 do not occur. Note that there may be several non-equivalent cube packings with the same type but this is not important since they have the same numbers of possibilities.
Adding 9 th cube one gets:
(1) T 
n of CP we have z j ≡ t (mod 1).
Theorem 4.4. (i) The probability of obtaining a laminated combinatorial cube packing is
Proof. Up to equivalence, we can assume that after the first two steps of the process, we have z 1 = (t 1 , . . . , t n ) and z 2 = (t 1 + 1, t n+1 , . . . , t 2n−1 ).
So, we consider lamination on the first coordinate. We then consider all possible cubes that can be added. Those cubes should have one coordinate differing by 1 with other vectors. This makes n(n − 1) possibilities. If a vector respects the lamination on the first coordinate then its first coordinate should be equal to t 1 or t 1 + 1. This makes 2(n − 1) possibilities. So, the probability of having a family of cube respecting a lamination at the third step is 2 n . But one sees easily that in all further steps, the choices breaking the lamination have a dimension strictly lower than the one respecting the lamination, so they do not occur and we get (i).
By separating between laminated and non-laminated combinatorial torus cube packings, bounding the number of cubes of non-laminated combinatorial torus cube packings by 2 n one obtains
which is (ii). (iii) follows by induction starting from
(see Table  1 ).
Properties of non-extensible cube packings
Theorem 5.1. If a combinatorial torus cube packing has at least 2 n − 3 cubes, then it is extensible. Proof. Our proof closely follows [DIP06] but is different from it. Take CP a combinatorial torus cube packing with 2 n − α cubes, α ≤ 3. Take N such that N b(CP, N ) > 0 and CP a discrete cube packing with φ(CP) = CP . If CP is extensible then CP is extensible as well.
We select δ ∈ R and denote by I j the interval [δ +
[ for 0 ≤ j ≤ 3. Denote by n j,k the number of cubes, whose k-th coordinate modulo 2 belong to I j .
All cubes of CP, whose k-th coordinate belongs to I j , I j+1 form after removal of their k-th coordinate a cube packing of dimension n − 1, which we denote by CP j,k . We write n j,k + n j+1,k = 2 n−1 − d j,k and obtain the equations
We can then write the vector 
This means that the (n − 1)-dimensional cube packing CP j,k has at least 2 n−1 − 3 cubes, so by an induction argument, we conclude that CP j,k is extensible.
Suppose now that the k-th coordinate of the cubes in CP have values 0 < δ 1 < δ 2 < · · · < δ M < 2. So, the set of points in the complement of CP, whose k-th coordinate belongs to the interval [δ i , δ i+1 [ with δ M +1 = δ 1 + 2 can be filled by translates of the parallelepiped P aral
Note that as δ varies, the vector d k varies as well. Suppose that for some i, we have the k-th layer [δ i , δ i+1 [ being full and [δ i−1 , δ i [ containing x translates with x ≤ 3 of the parallelepiped P aral k (δ i+1 − δ i ). Then if one selects another coordinate k , all parallelepipeds P aral k (δ i +1 − δ i ) filling the hole delimited by the parallelepiped P aral k (δ i+1 − δ i ) will have the same position in the k-th coordinate. This means that they will form x cubes and that the cube packing is extensible. This argument solves the case α = 1, because up to symmetry d k = (0, 1, 1, 0). If α = 2, then the case of vector of coordinate d k being equal to symmetry to (0, 2, 2, 0) or (0, 1, 2, 1) is also solved because we have seen that a full layer implies that we can fill the hole. We have the remaining case (1, 1, 1, 1) . If the hole of this cube packing cannot be filled, then we have a structure of this form:
Selecting another coordinate k , we get that the two parallelepipeds z + P aral k (δ i+1 − δ i ) and z + P aral k (δ i +1 − δ i ) have z l = z l for l = k, k . This is impossible if n ≥ 4. So, if d k = (1, 1, 1, 1) for some k and δ, then the hole can be filled.
If α = 3, and d k , up to symmetry, is equal to (0, 3, 3, 0) or (0, 2, 3, 1 ) then we have a full layer and so we can fill the hole. If the vector d k = (2, 1, 1, 2) occurs, then by the same argument as for (1, 1, 1, 1) we can fill the hole.
Proposition 5.2. (i) Non extensible combinatorial torus cube packings of dimension n have at least n + 1 cubes.
(ii) If CP is a combinatorial torus cube tiling, then in a coordinate j a parameter t occur the same number of times as t and t + 1. n does not overlap with CP. (ii) Without loss of generality, we can assume that a given parameter t occurs only in one coordinate k as t and t+1. The cubes occurring in the layer [t, t+1], [t+1, t+2] on j-th coordinate are the ones with x j = t, t + 1; we denote by V t and V t+1 their volume. Now if we interchange t and t + 1 we still obtain a tiling, so V t ≤ V t+1 and V t+1 ≤ V t . So, V t = V t+1 and the number of cubes with x j = t is equal to the number of cubes with x j = t + 1.
Take a combinatorial torus cube packing CP obtained with strictly positive probability. Let us choose a path p to obtain CP. Denote by N k,p (CP) the number of cubes obtained with k new parameters along the path p.
Proposition 5.3. Let CP be a non-extensible combinatorial torus cube packing, p a path with p(CP, p, ∞) > 0.
(i) N n,p (CP) = 1 and N n−1,p (CP) = 1.
(ii) N n−2,p (CP) ≤ 2 and N n−2,p (CP) = 2 if and only if CP is laminated.
Proof. The first cube z 1 + [0, 1] n has n new parameter, but the second cube z 2 + [0, 1] n should not overlap with the first one so it has n − 1 parameters and N n,p (CP) = 1. Without loss of generality, we can assume that z 1 = (t 1 , . . . , t n ) and z 2 = (t 1 + 1, t n+1 , . . . , t 2n−1 ). When adding the third cube z 3 + [0, 1] n , we have to set up 2 coordinates depending on the parameters t i , i ≤ 2n − 1 thus N n−1,p (CP) = 1.
If z 3 1 = t 1 or t 1 + 1 then we have a laminated cube packing, we can add a cube with n − 2 parameters and N n−2,p (CP) = 2. Otherwise, we do not have a laminated cube packing, three coordinates of z 4 need to be expressed in terms of preceding cubes and thus N n−2,p (CP) = 1.
(iii) The proof is by induction; suppose one has put m = for i / ∈ {i 1 , . . . , i k } has k − 1 free coordinates {i 2 , . . . , i k } and thus k − 1 new parameters. So, N k−1,p (CP) ≥ 1.
(iv) and (v) are elementary.
Conjecture 5.4. Let CP be a combinatorial torus cube packing and p a path with
A perfect matching of a graph G is a set M of edges such that every vertex of G belongs to exactly one edge of M. A 1-factorization of a graph G is a set of perfect matchings, which partitions the edge set of G. The graph K 4 has one 1-factorization; the graph K 6 has, up to isomorphism, exactly one 1-factorization with symmetry group Sym(5).
Proposition 5.5. Let CP be a non-extensible combinatorial torus cube packing.
(i) If n is even then CP has at least n + 2 cubes.
(ii) If n is odd and CP has n+1 cubes then N (CP) = n(n+1) 2
. Fix a coordinate j and a parameter t occurring in at least one cube. Then the number of cubes containing t, respectively t + 1 in coordinate j is exactly 1.
(iii) If n is odd then isomorphism classes of non-extensible combinatorial torus cube packings with n + 1 cubes are in one to one correspondence with isomorphism classes of 1-factorizations of K n+1 .
(iv) If n is odd then the non-extensible combinatorial torus cube packings with n + 1 cubes are obtained with strictly positive probability and f
Proof. We take a non-extensible cube packing CP with n + 1 cubes. Suppose that for a coordinate j we have two cubes n should not overlap but we have n − 1 remaining coordinates so it is possible to choose the coordinates of z so that z + [0, 1] n does not overlap with CP. This is impossible, therefore parameters appear always at most 1 time as t and at most one time as t + 1 in a given coordinate.
By Lemma 4.1 every parameter t appear also as t+1. So, every parameter t appears one time as t and one time as t + 1. This implies that we have an even number of cubes and so (i). Every coordinate has n+1 2 parameters, which gives n(n+1) 2 parameters and so (ii).
(iii) Assertion (ii) implies that any two cubes C i and C i of CP have exactly one coordinate on which they differ by 1. So, every coordinate correspond to a perfect matching and the set of n coordinates to the 1-factorization.
(iv) Since parameters t appear only one time as t and t+1, the dimension of choices after k cubes are put is n − k and one sees that such a cube packing is obtained with strictly positive probability. The existence of 1-factorization of K 2p (see, for example, [Al06, Ha78] 
, which proves that σ ∈ Sym(n). We also add the n cubes corresponding to the matrix H n + Id n . So, there are n! possibilities for adding new cubes and we need to prove that we can select 2 n − 2n non-overlapping cubes amongst them.
The symmetry group of the n cubes (z i + [0, 1] n ) 1≤i≤n is the dihedral group D 2n with 2n elements. It acts on Sym(n) by conjugation and so we simply need to list the relevant set of inequivalent permutations in order to describe the corresponding cube packings. See Table 3 for the found permutation for n = 3, 5, 7, 9.
The cube packing of above theorem was obtained for n = 5 by random method, i.e., adding cube whenever possible by choosing at random. Then the packings for n = 7 and 9 were built using the matrix H n and consideration of all possibilities t5 t9 t14 + 1 t17 + 1 t19 t1 + 1 t6 t10 t13 + 1 t16 + 1 t19 t2 t5 + 1 t11 t13 t18 t20 t2 + 1 t7 t9 + 1 t15 t16 t21 t3 t6 + 1 t12 t14 t18 + 1 t21 + 1 t3 + 1 t8 t10 + 1 t15 + 1 t17 t20 + 1 t4 t7 + 1 t12 + 1 t13 + 1 t17 + 1 t19 + 1 t4 + 1 t8 + 1 t11 + 1 t14 + 1 t16 + 1 t19 + 1
t5 t9 t13 t17 t21 t1 + 1 t6 t10 t14 t18 t21 t2 t5 + 1 t10 + 1 t15 t19 t22 t2 + 1 t6 + 1 t9 + 1 t16 t20 t22 t3 t7 t11 t13 + 1 t18 + 1 t22 + 1 t3 + 1 t8 t12 t14 + 1 t17 + 1 t22 + 1 t4 t7 + 1 t12 + 1 t15 + 1 t20 + 1 t21 + 1 t4 + 1 t8 + 1 t11 + 1 t16 + 1 t19 + 1 t21 + 1 t5 t9 t13 t17 t21 t1 + 1 t6 t10 t14 t18 t22 t2 t5 + 1 t10 + 1 t15 t19 t22 t2 + 1 t6 + 1 t9 + 1 t16 t20 t21 t3 t7 t11 t13 + 1 t20 + 1 t22 + 1 t3 + 1 t8 t12 t16 + 1 t17 + 1 t22 + 1 t4 t7 + 1 t12 + 1 t14 + 1 t19 + 1 t21 + 1 t4 + 1 t8 + 1 t11 + 1 t15 + 1 t18 + 1 t21 + 1 t5 t9 t13 t17 t21 t1 + 1 t6 t10 t14 t18 t21 t2 t5 + 1 t11 t15 t18 + 1 t22 t2 + 1 t6 + 1 t9 + 1 t16 t19 t22 t3 t7 t10 + 1 t13 + 1 t20 t22 + 1 t3 + 1 t8 t12 t14 + 1 t17 + 1 t22 + 1 t4 t7 + 1 t12 + 1 t15 + 1 t19 + 1 t21 + 1 t4 + 1 t8 + 1 t11 + 1 t16 + 1 t20 + 1 t21 + 1 t5 t9 t13 t17 t21 t1 + 1 t6 t10 t14 t18 t22 t2 t5 + 1 t11 t15 t19 t22 + 1 t2 + 1 t6 + 1 t9 + 1 t16 t20 t21 t3 t7 t10 + 1 t13 + 1 t20 + 1 t22 t3 + 1 t8 t12 t14 + 1 t19 + 1 t21 + 1 t4 t7 + 1 t12 + 1 t15 + 1 t18 + 1 t21 + 1 t4 + 1 t8 + 1 t11 + 1 t16 + 1 t17 + 1 t22 + 1 t5 t9 t13 t17 t21 t1 + 1 t6 t10 t14 t18 t21 t2 t5 + 1 t11 t15 t18 + 1 t22 t2 + 1 t6 + 1 t9 + 1 t16 t19 t22 t3 t7 t10 + 1 t13 + 1 t20 t22 + 1 t3 + 1 t8 t12 t15 + 1 t19 + 1 t21 + 1 t4 t7 + 1 t12 + 1 t14 + 1 t17 + 1 t22 + 1 t4 + 1 t8 + 1 t11 + 1 t16 + 1 t20 + 1 t21 + 1 t5 t9 t13 t17 t21 t1 + 1 t6 t10 t14 t18 t22 t2 t5 + 1 t11 t15 t19 t22 + 1 t2 + 1 t6 + 1 t9 + 1 t16 t20 t21 t3 t7 t10 + 1 t13 + 1 t20 + 1 t22 t3 + 1 t8 t12 t15 + 1 t18 + 1 t21 + 1 t4 t7 + 1 t12 + 1 t14 + 1 t19 + 1 t21 + 1 t4 + 1 t8 + 1 t11 + 1 t16 + 1 t17 + 1 t22 + 1 parameters do exist. n = 3 (1, 2, 3) n = 5
(1, 2, 3, 4, 5) (1, 2)(3, 5, 4) (1, 4, 5, 3, 2) n = 7
(1, 2, 3, 4, 5, 6, 7) (1, 7)(2, 5, 4, 3, 6) (1, 6, 2, 5, 4, 3, 7) (1, 7)(2, 5, 6)(3, 4)
(1, 6, 2, 3, 7)(4, 5) (1, 7)(2, 3, 4, 5, 6) (1, 3, 7)(2, 6)(4, 5)
(1, 3, 7)(2, 5, 4, 6) (1, 5, 4, 3, 2, 6, 7) n = 9 (1, 2, 3, 4, 5, 6, 7, 8, 9) (1, 6, 7, 4, 3, 5, 9)(2, 8) (1, 5, 6, 7, 4, 3, 9)(2, 8) (1, 5, 9)(2, 8)(3, 6, 7, 4) (1, 9)(2, 5, 4, 3, 6, 7, 8) (1, 6, 7, 8, 2, 5, 4, 3, 9) (1, 5, 4, 3, 9)(2, 8)(6, 7) (1, 9)(2, 5, 6, 7, 8)(3, 4) (1, 9)(2, 3, 6, 5, 4, 7, 8) (1, 6, 5, 4, 7, 8, 2, 3, 9) (1, 9)(2, 3, 6, 7, 8)(4, 5) (1, 6, 7, 8, 2, 3, 9)(4, 5) (1, 9)(2, 3, 4, 7, 6, 5, 8) (1, 9)(2, 3, 4, 5, 6, 7, 8) (1, 9)(2, 3, 6)(4, 7, 8, 5) (1, 6, 2, 3, 9)(4, 7, 8, 5) (1, 5, 4, 7, 8, 6, 2, 3, 9) (1, 8, 3, 7, 6, 4, 9)(2, 5) (1, 7, 6, 4, 9)(2, 5)(3, 8) (1, 7, 6, 9)(2, 8, 3, 4, 5) (1, 4, 5, 2, 8, 3, 7, 6, 9) (1, 4, 9)(2, 5)(3, 7, 6, 8) (1, 4, 8, 3, 7, 6, 9)(2, 5) (1, 7, 6, 3, 4, 5, 2, 8, 9) (1, 4, 5, 2, 8, 9)(3, 7, 6) (1, 4, 9)(2, 5)(3, 8, 7, 6) (1, 3, 7, 6, 9)(2, 8, 4, 5) (1, 7, 6, 5, 4, 3, 2, 8, 9) (1, 9)(2, 5, 8)(3, 4)(6, 7) Table 3 . List of permutation describing combinatorial torus cube tilings with n(n+1) 2 parameters in dimension 3, 5, 7, 9
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